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                                                                                1 Applied Mthemticl Sciences, Vol. 2, 2008, no. 8, New Integrl Inequlities for n-time Differentible Functions with Applictions for pdfs Aristides I. Kechriniotis Technologicl Eductionl Institute T. E. I. of Lmi, Greece 3500 Yinnis A. Theodorou Technologicl Eductionl Institute T. E. I. of Lmi, Greece 3500 Abstrct We present some new integrl inequlities for n time differentible functions, defined on finite intervl. These inequlities re used to obtin some new estimtions for propbility density functions, s well s, inequlities involving the incomplete Bet function. Mthemtics Subject Clssifiction: 26D5 Keywords: Incomplete Bet functions, Incomplete Expecttion, Probbility density function, Tylor s Formul. Introduction Mny uthors by using vrints of some clssicl integrl inequlities s for exmple the midpoint, trpezoid, Ostrowski, Gruess inequlities [8], [9], [0] hve produced some interesting results for probbility density functions of rndom vrible defined over finite intervl, see for exmple [] [7]. In this pper we prove some new integrl inequlities for n time differentible functions which in specil cses led to the following results: Theorem Let f C [, b] be function such tht f L, b. Iff x 0 for ll x, b nd f is not identiclly zero on, b, then we hve the inequlity 2 m f b b t f t dt f t f t dt t 2 +b t 2 f t dt 2 M
2 354 A. I. Kechriniotis nd Y. A. Theodorou where m := inf x,b f x nd M := sup x,b f x. If 0 <b,then the bove inequlity is shrp. Theorem 2 Let f C [, b] be function not identiclly zero on, b nd such tht f x 0 for ll x [, b]. Then the following inequlities hold: nd 3 min f x x [,b] 3 min f x x [,b] f x dx b t2 f t dt b 3 t 3 +b t 3 f t dt 3 mx x [,b] The inequlities 2, 3 re shrp. f x dx t 2 f t dt b 3 +t 3 b t 3 f t dt 3 mx x [,b] f x, f x. The bove inequlities, 2 nd 3 re used to obtin some new inequlities for probbility, expecttion nd vrince of rndom vrible defined over finite intervl s well s for the incomplete Bet function. 2 Inequlities for n time differentible functions For our purpose we need the identity in the following Lemm: Lemm 3 Let f :[, b] R be n time differentible function in, b such tht f n is integrble on [, b]. Then the following identity holds, = n k=0 f k k +! K x, t f n x f t dxdt t k+ f t dt + f k b where the kernel K :[, b] 2 R is given by 2 3 t b k+ f t dt 4 { t x n if x [, t] K x, t := t x n if x t, b]. Proof. Let us define the following function: F x := x f u du, x [, b]. 5
3 Integrl inequlities 355 Then, by using the integrl form of reminder in Tylor s formul we hve = K x, t f n x f t dxdt = K x, t F n+ x f t dxdt t t x n t = F n+ t x n x dx + F n+ x dx f t dt b n F k t k + F k bt b k 2F t F F b f t dt k! which, by using 5 gives, But k= t 2 K x, t f n x f t dxdt =2 f t f x dx dt f t dt 6 n f k t k f t dt + f k b t bk f t dt k= 2 Using 7 in 6 we get = n k= k! t 2 f t f u du dt f t dt t d = f u du dt f t dt dt 2 2 = f u du f t dt =0. 8 f k k! K x, t f n x f t dxdt t k f t dt + f k b Finlly, replcing k with k + we get the desired identity 4. t b k f t dt Theorem 4 Assume p, q is pir of conjugte exponents, tht is p, q, + =. Let f :[, b] R be n time differentible function on, b p q such tht f n is integrble on [, b]. Then we hve the inequlities n k=0 f k k +! t k+ f t dt + f k b t b k+ f t dt
4 356 A. I. Kechriniotis nd Y. A. Theodorou 2b n+ 2 q nq+nq+2 q 2b n+2 n+2! b n f n p f p if f n L p [, b], <p< ; f n f if f n L [, b]; f n f if f n L [, b]. Proof. Using Hölder s inequlity we hve K x, t f n x f t dxdt K x, t q q b dxdt f n x f t p dxdt = t t x nq dx + x t nq q dx dt t f n x p p b dx f t p p dt = 2 q b n+ 2 q nq +nq + 2 q Combining 8 with 4 we get the first conclusion. We lso hve, K x, t f n x f t dxdt f K x, t f t dt n x dx p f n p f p. 9 f n f K x, t dxdt = f n n +! f b t n+ +t n+ dt = 2b n+2 n + 2! f n f. 0 Combining the identity 4 in Lemm 3 with 9 we get the second conclusion.
5 Integrl inequlities 357 Finlly, we hve K x, t f n x f t dxdt mx K x, t x,t [,b] [,b] K x, t f n x f t dxdt f n x f t dxdt b n = f f n. Combining 0 with 4 we get the lst conclusion. In some cses, the second inequlity in Theorem 4 cn be replced by better one, which will be used in the next section to prove the Theorems nd 2: Theorem 5 Let f :[, b] R be n time differentible function on, b such tht f n is integrble nd bounded on [, b]. Assume tht f is not identiclly zero on, b nd f 0 on, b. Ifn is n odd non negtive integer, then the following inequlity holds: where n k=0 k+! m := n +! m f k t k+ f t dt + f k b b t bk+ f t dt t n+ +b t n+ f t dt inf f n x, x,b If 0 <b,then inequlity is the best possible. M. 2 n +! M := sup f n x. x,b Proof. Since n is odd, we hve K x, t = t x n Therefore, for ll t, x, b we get t x n m K x, t f n x t x n M.
6 358 A. I. Kechriniotis nd Y. A. Theodorou Integrting the bove estimtion with respect to x from to b we get, t n+ +b t n+ m n +! K x, t f n x dx M t n+ +b t n+. n +! Now, by multiplying the lst estimtion with f t 0on[, b] nd integrting the resulting inequlity with respect to t from to b, we obtin the following estimtion: m n +! M n +! t n+ +b t n+ f t dt K x, t f n x f t dxdt t n+ +b t n+ f t dt. 3 Since f is continuous, non negtive nd not identiclly zero on, b, we clerly hve t n+ +b t n+ f t dt > 0. 4 Finlly, using the identity 4 in 2 nd fterwrds dividing the resulting estimtion with 3 we get the desired inequlity. Now, let us consider the cse 0 <bnd let us choose f x =x n, x [, b] Clerly, f stisfies the required ssumptions of this Theorem nd n esy clcultion yields, tht the equlity in holds. Corollry 6 Let n be n odd positive integer. Let f C 2n+2 [, b]. If f n+2 x 0 for ll x, b nd f n+2 is not identiclly zero on, b, then there exists one ξ [, b] such tht n i=0 where by i i+! f i+n+2 b R i+ f n i ;, b f i+n+2 R i+ f n i ; b, R n+ f;, b R n+ f; b, R n f;, b :=f b = f 2n+2 ξ, n b k f k = k! k=0 is denoted the reminder in Tylor s formul. b x n f n+ x dx
7 Integrl inequlities 359 Proof. Applying Theorem 5 for the continuous on [, b] mpping f n+2, nd using the integrl form of Tylor s reminder we redily get m n k=0 k k+! f k+n+2 b R k+ f n k ;, b f k+n+2 R k+ f n k ; b, R n+ f;, b R n+ f; b, 5 M, 6 where m := min x [,b] f 2n+2 x nd M := mx x [,b] f n x. Since f n+2 is continuous on [, b], ccording to the intermedite vlue theorem, from 4 we immeditely get the conclusion. 3 The proofs of Theorems nd 2 Proof. [Proof of Theorem ] Applying the inequlity in Theorem 5 for n =, we immeditely get the desired result. Proof. [Proof of Theorem 2] We define the function F x := x f t dt, x [, b]. According to the ssumptions for f we clerly hve tht F stisfies the conditions of lemm. Now, if we write inequlity for F, we get m 2 f x dx b t t f x dx dt t 2 +b t 2 t f x dx dt M 2 7 where m = min x [,b] f x nd M = mx x [,b] f x. Moreover, using the integrtion by prts we redily get t b t f x dx dt = b t 2 f t dt 8 2 nd t 2 +b t 2 t f x dx dt = b 3 t 3 +b t 3 f t dt. 9 3 Putting 6 nd 7 in 5 we get the first conclusion 2 of Theorem 2. Now, if we write inequlity for the function F x := f t dt, x x [, b], we get m 2 f x dx t f x dx dt t M 2 t 2 +b t 2 t f x dx dt
8 360 A. I. Kechriniotis nd Y. A. Theodorou nd working similrly s bove, we get the second conclusion 3. Finlly, choosing f x = in 2, 3 we see tht the equlities hold. At the next section 4, we pply the Theorems nd 2 for some pplictions for probbility density functions pdfs. 4 Applictions for pdfs Using the inequlity in Theorem, we immeditely get the following proposition: Proposition 7 Let X be rndom vrible hving the probbility density function f :[, b] R Assume tht f C [, b] nd f L, b. Then the following inequlity holds: 2 inf f x x,b f bb μ f μ σ 2 + μ b μ b 2 2 sup f x, x,b where μ nd σ 2 re respectively the expecttion nd the vrince of the rndom vrible X. Proposition 8 Let X be rndom vrible hving the probbility density function f : [, b] R Assume tht f C [, b]. Then for ll x [, b] the following inequlities hold: 3 min f t t [,x] Pr X x E x X 2 b 3 Pr X x+e x X 3 + E x X b 3 nd 3 min f t t [,x] 3 mx f t 20 t [,x] Pr X x E x X b 2 b 3 Pr X x E x X 3 E x X b 3 where Pr X x := 3 mx f t 2 t [,x] x f t dt, x [, b] is the cumultive distribution function of X, nd E x g X := x g u f u du, x [, b]. is the incomplete expecttion of the rndom vrible g X
9 Integrl inequlities 36 Proof. If we choose b = x in 2 nd 3, we respectively get the desired inequlities. Now, let us consider the Bet function B p, q := nd the incomplete Bet function 0 B x; p, q := t p t q dt, x 0 t p t q dt. We consider the rndom vrible X hving the pdf p, q > f t := tp t q, Bp, q t [0, ]. 22 Clerly, for ll n N we hve nd Further, we hve see [] E x X n = E x X n = B x; p + n, q Bp, q 23 B x; p, q + n. 24 Bp, q min f x = 0 nd mx f x = p p q q x [0,] x [0,] p + q 2 p+q 2 Bp, q. 25 Now, pplying for f, s defined by 20, the inequlities 8, 9 in Proposition 8, nd using 2,22,23 we redily get the following Proposition. Proposition 9 Let X be Bet rndom vrible with the prmeters p, q, p,q>. Then we hve the inequlities 0 0 for ll x [0, ]. B x; p, q B x; p +2,q B x; p, q+b x; p +3,q B x; p, q +3 p p q q 3 p + q 2 p+q 2, B x; p, q B x; p, q +2 B x; p, q B x; p +3,q+B x; p, q +3 p p q q 3 p + q 2 p+q 2
10 362 A. I. Kechriniotis nd Y. A. Theodorou References [] N. B. BARNETT, P. CERONE, S. S. DRAGOMIR, nd A. M. FINK, Compring two integrl mens for bsolutely continuous mppings whose derivtives re in L [, b] nd pplictions, Comput. Mth. Appl , no. -2, [2] N. B. BARNETT nd S. S. DRAGOMIR, Some inequlities for probbility, expecttion nd vrince of rndom vrible defined over finite intervl, Computers nd Mthemtics Applictions, , [3] N. B. BARNETT nd S. S. DRAGOMIR, An inequlity of Ostrowki s type for cumultive distribution functions, Kyungpook Mth. J., , [4] N. B. BARNETT nd S. S. DRAGOMIR, Some inequlities for rndom vribles whose probbility density functions re bounded using pre-gruess inequlity, Kyungpook Mth. J., , [5] P. CERONE nd S. S. DRAGOMIR, A refinement of the Gruess inequlity nd pplictions, RGMIA Reserch Report Collection, , Article 4. [6] X. L. CHENG nd J. SUN, A note on the perturbed trpezoid inequlity, Journl of Inequlities in Pure nd Applied Mthemtics, , Article 29. [7] DAH-YAN HWANG, Some Inequlities for Rndom Vribles whose Probbility Density Functions re Bounded Using n Improvement of Gruess Inequlity, Kyungpook Mth. J., , [8] S. S. DRAGOMIR nd T. M. RASSIAS, Osrtrowski Inequlities nd Applictions in Numericl Integrtion, Kluwer Acdemic, Dordrecht, [9] D. S. MITRINOVIC, J. E. PECARIC nd A. M. FINK, Clssicl nd New Inequlities in Anlysis, Kluwer Acdemic Publishers, 993. [0] D. S. MITRINOVIC, J. E. PECARIC nd A. M. FINK, Inequlities for Functions nd Their Integrls nd Derivtives, Kluwer Acdemic Publisher Received: August 8, 2007
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